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SEPARABLE EQUIVALENCE OF RINGS
AND SYMMETRIC ALGEBRAS
LARS KADISON
Abstract. We continue a study of separable equivalence from [7, 6]. We prove
that symmetric separable equivalent rings A and B are linked by a Frobenius
bimodule APB such that A is P -separable over B. Separably equivalent rings
are linked by a biseparable bimodule P . In addition, the ring monomorphism
A →֒ EndPB is split, separable Frobenius. It is observed that left and right
finite projective bimodules over symmetric algebras are Frobenius bimodules;
twisted by the Nakayama automorphisms if over Frobenius algebras.
1. Introduction
Separable equivalence is a weakening of Morita equivalence which symmetrizes
the notion of separable, split ring extensions that are left and right finitely gener-
ated projective [5, 6, 7]. For finite-dimensional algebras, separable and symmetric
separable equivalence are formally defined in [11, 14], with interesting applications
of separable equivalence in [11, 2, 14] and further publications in modular and or-
dinary representation theory. For example, [11] proves that certain Hecke algebras
have finitely generated cohomology algebras, [2] an upper bound on the represen-
tation dimension of certain Hecke algebras of types A, B and D, and [14] shows
that complexity and representation type are preserved by separable equivalence,
while the algebras k[X ]/(Xn) are separably inequivalent for certain different natu-
ral numbers n and algebraically closed field k [14, Theorem 8] (from which it follows
that the half quantum groups, Taft Hopf algebras Hn are separably inequivalent at
the same integers, by an application of [8, p. 71]).
The same concept for rings is defined about twenty years before in [5, 7, Def.
6.1] and its tweek in [5, 7, Prop. 6.3], which seems not to be known to the authors
of [11, 2, 14]. One of the purposes of this addendum is to provide clarification and
dispel any obscurity, synchronize terminologies, and also provide the details of the
structure referred to in the paragraph before [7, Prop. 6.1] as well as [5], which is
a suitably weakened Morita structure theory.
We then characterise symmetric separably equivalent rings A and B as being
linked by a Frobenius bimodule APB, its dual BQA, such that A is P -separable
over B and B is Q-separable over A. In the terminology of [3] the bimodule P is
a biseparable Frobenius bimodule; unlike a Morita context bimodule, it is not in
general faithfully balanced, nor are the two split bimodule epis ν : P⊗BQ→ A and
µ : Q ⊗A P → B in general associative. We show that P ⊗B Q ∼= EndPB as rings
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in terms of a µ-multiplication that generalises and symmetrises E-multiplication
[7, 6, 8]. Symmetrically, Q⊗AP with the ν-multiplication is isomorphic as rings to
EndQA. We note that left and right finite projective bimodules linking Frobenius
algebras are automatically twisted Frobenius bimodules, receiving twists from the
Nakayama automorphisms. This simplifies significantly the proof that separable
equivalence and symmetric separable equivalence coincide as notions for symmetric
algebras.
2. Preliminaries on separably divides
It is useful to divide the notion of separable equivalence into two equal parts in
order to halve the mathematical exposition. At the same time, we establish some
fixed notation used throughout the paper. Suppose A and B are rings. They are
said to be linked if there is a bimodule APB or a bimodule BQA. A bimodule APB
is said to be left and right finite projective if the restricted modules PB and AP are
finitely generated and projective. For example, the natural bimodule AAA is left
and right finite projective, but projective if and only if A is a separable Z -algebra.
Definition 2.1. The ring A separably divides B if they are linked by left and
right finite projective bimodules APB and BQA, and there is a split epimorphism
ν : P ⊗BQ→ A of A-A-bimodules [2]. The ring A symmetric separably divides
B if A separably divides B and additionally the functors P = AP ⊗B − and Q =
BQ⊗A − are an adjoint pair (P ,Q) between the categories of all modules, A-Mod
and B-Mod, with ν the counit of adjunction.
The data (P,Q, ν) will be called a context as in Morita theory. The center of a
bimodule AWA is the abelian group W
A of elements w ∈ W such that aw = wa
for all a ∈ A. Note that ν : P ⊗ Q → A being a split epi of A-A-bimodules is
equivalent to there being a (separability) element
∑
i zi ⊗ wi in (P ⊗B Q)
A such
that
∑
i ν(zi ⊗ wi) = 1A.
Lemma 2.2. The context modules QA and AP are generators. The natural map-
pings λ : A→ EndPB and ρ : A→ EndBQ are injective.
Proof. Note that the mapping P → Hom(QA, AA) given by p 7→ ν(p ⊗B −) is
an A-B-bimodule homomorphism. Since ν is surjective, it follows that there are
zi ∈ P , wi ∈ Q such that
∑
i ν(zi ⊗wi) = 1A, i.e., the trace ideal of QA is all of A.
Thus, QA is a generator. One shows similarly that AP is a generator.
The natural mapping is of course given by λa(p) = ap. If λa = 0 in EndPB,
then a belongs to the annihilator of the A-module P , a generator, so AA |n · AP
for some n ∈ N , and a = 0 when applied to 1A. Thus, λ is injective; similarly, ρ is
injective. 
The mappings λ and ρ are isomorphisms if the context bimodules are faithfully
balanced; for example, Morita context bimodules [1, 10]. Recall the notion of a
separable functor [15], which is a functor F : C → D with right adjoint G : D → C
such that unit of adjunction η : 1C
.
→ GF splits [4, Theorem 1.2]. Equivalently, a
separable functor F reflects split exact sequences.
Theorem 2.3. Ring A separably divides B if and only if the functor Q = BQ⊗A−
from A-Mod into B-Mod, where the bimodule BQA is left and right finite projective,
is a separable functor.
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Proof. (⇐) Note that the functor F = Q = Q ⊗A − has right adjoint functor
G = Hom(BQ,B−) from B-Mod into A-Mod [1]. Since Q is left and right finite
projective, G is naturally isomorphic to AP ⊗B − where P := Hom (BQ,BB). The
unit of adjunction is the natural transformation ηM : M → Hom(BQ,BQ ⊗A M)
that for each A-module M (and m ∈M) sends
m 7−→ (q 7→ q ⊗A m) (1)
which is obviously natural with respect to arrows AM → AN . Assume that the unit
of adjunction splits, i.e. has a section natural transformation νM : Hom (BQ,BQ⊗A
M)→M , natural with respect to arrows AM → AN and satisfying νM ◦ηM = idM
for every AM . Then
ν := νA : EndBQ ∼= Hom(BQ,BB)⊗B Q ∼= P ⊗Q −→ A
is split by the mapping ηA(a) = ρa where ρa(q) = qa for each q ∈ Q, a ∈ A. By
naturality and a usual argument, ν is an A-A-bimodule split epi.
(⇒) Given a split bimodule epi ν′ : AP ⊗B QA → AAA, denote values of ν
′
by ν′(p ⊗ q) = p · q ∈ A. Then there is a separability element
∑
i zi ⊗ wi where
zi ∈ P,wi ∈ Q. Given the unit of adjunction ηM in Eq. (1) for the functor Q
with right adjoint Hom (BQ,B−), we define a natural splitting or section νM :
Hom(BQ,BQ ⊗A M) → M for each module AM , by f 7→
∑
i zi · f(wi) ∈ M .
This satisfies νM ◦ ηM = idM up to natural isomorphism A ⊗A M ∼= M , since∑
i zi · wi = 1A. It follows that Q is a separable functor. 
The next proposition explains more fully the “elements of adjunction” in [7, Def.
6.1], which are useful for computations.
Proposition 2.4. Given bimodules APB ,BQA and bimodule homomorphism ν :
AP ⊗B QA → AAA, the functor P = P ⊗B −: B-Mod → A-Mod is a left adjoint
of Q = Q ⊗A − with counit of adjunction ν if and only if there is an element∑
i q
′
i ⊗ p
′
i ∈ (Q ⊗A P )
B such that for every p ∈ P, q ∈ Q we have
∑
i
ν(p⊗ q′i)p
′
i = p (2)
∑
i
q′iν(p
′
i ⊗ q) = q (3)
Proof. (⇒) The eqs. (2) and (3) are the two triangular identities [12, p. 85] charac-
terising adjunction, for the unit of adjunction ηB : b 7→
∑
i bq
′
i ⊗A p
′
i, η : 1
·
→ QP ,
and the counit of adjunction εA = ν, ε : PQ
·
→ 1. The triangular identities
are given functorially by (εP)(Pη) = 1P and (Qε)(ηQ) = 1Q. In the usual set-
up of adjoint functors, there is a natural isomorphism Hom (AP ⊗B M,AN) ∼=
Hom(BM,BQ⊗AN) for each B-moduleM and A-module N . LettingM = BQ and
N = AA obtains counit of adjunction ν : P ⊗B Q→ A as the inverse image of idQ,
which is in End (BQA), so by naturality ν is a bimodule homomorphism. Similarly,
lettingM = BB and N = AP obtains the unit of adjunction
∑
i q
′
i⊗Ap
′
i ∈ Q⊗AP ,
up to usual identifications, as the image of idP , and is in the center.
(⇐) This is a healthy pedestrian exercise showing
Hom (AP ⊗B M,AN) ∼= Hom(BM,BQ⊗A N) (4)
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given eqs. (2) and (3). The forward mapping is
ΦM,N : f 7−→ (m 7→
∑
i
q′i ⊗A f(p
′
i ⊗B m))
for arbitrary f : AP ⊗B M → AN . The inverse mapping is
ΨM,N : g 7−→ (p⊗m 7→ (ν ⊗ idN )(p⊗ g(m))
for arbitrary g : BM → BQ⊗AN . Eq. (2) implies ΨM,N (ΦM,N (f)) = f and eq. (3)
implies ΦM,N (ΨM,N (g)) = g. 
Note that the proof does not make use of the conditions, split epi or epi, on the
homomorphism ν used earlier. Also note that
∑
i
q′i ⊗A p
′
i ∈ (Q ⊗A P )
B (5)
follows from eqs. (2) and (3) since
∑
i bq
′
i ⊗A p
′
i =
∑
i,j q
′
jν(p
′
j ⊗B bq
′
i)⊗A p
′
i
=
∑
i,j
q′j ⊗A ν(p
′
jb⊗B q
′
i)p
′
i =
∑
j
q′j ⊗A p
′
jb.
The next two lemmas use only the hypotheses of Proposition 2.4.
Lemma 2.5. Given adjoint functors (P ,Q), the counit of adjunction is a split epi
if any one bimodule homomorphism φ : P ⊗B Q→ A is a split epi.
Proof. From Eq. (4) with M = BQ and N = AA, we obtain from naturality
Hom (AP ⊗B QA,AAA) ∼= EndBQA (6)
as abelian groups via for each g ∈ EndBQA, ΨQ,A(g) = ν(P⊗g) = φ : P⊗BQ→ A.
If h is a splitting for φ then (P ⊗ g)h is a splitting for ν. 
Lemma 2.6. There is a B-A-bimodule isomorphism Q
∼=
−→ Hom(AP,AA) given
by q 7→ ν(− ⊗B q).
Proof. An inverse is given for g ∈ Hom(AP,AA) by g →
∑
i q
′
ig(p
′
i) ∈ Q using
eqs. (2) and (3).
A second proof: from the hom-tensor adjoint relation, the functor P has right
adjoint the functor (of coinduction) BHom(AP,A−) in general, and by hypothesis
also the right adjoint Q. From the uniqueness of adjoint functors up to natural
isomorphism [1, p. 247], the lemma follows from Q(A) ∼= Hom(AP,AA). 
3. Preliminaries on separable equivalence
We continue to establish fixed notation used in the rest of the paper.
Definition 3.1. Rings A and B are separably equivalent if A separably divides
B with context split epi ν : P⊗BQ→ A and B separably divides A with context split
epi µ : BQ⊗APB → BBB. Rings A and B are symmetric separably equivalent
if A symmetric separably divides B with adjoint functors (P = AP ⊗B −,Q =
BQ ⊗A −) and B symmetric separably divides A with adjoint functors (Q,P) [7,
Def. 6.1, Remark 6.1]. In other words, the functors P and Q between A-Mod and
B-Mod are Frobenius functors [13], i.e., adjoint in either order.
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Shared properties of separably equivalent rings include global dimension [7,
Corollary 6.1] and other homological properties of rings defined in [7, Theorem
6.1], such as a ring whose flat modules are projective, which characterises von Neu-
mann regular rings.
Proposition 3.2. Suppose rings A and B are separably equivalent with context
(P,Q, µ, ν) defined above. There is a ring structure on P ⊗B Q with multiplication
defined by
(p⊗B q)(p
′ ⊗B q
′) = pµ(q ⊗A p
′)⊗B q
′,
and linearly extended (call it µ-multiplication). Then the ring P ⊗B Q is unital if
and only if A and B are symmetric separably equivalent.
Proof. A short computation depending only on µ being an B-bimodule homomor-
phism shows that the µ-multiplication is an associative multiplication. (⇐) By
Proposition 2.4 there is
∑
j pj ⊗ qj ∈ P ⊗A Q for the adjoint pair (Q,P), which
satisfy the identities
∑
j
µ(−⊗A pj)qj = idQ (7)
∑
j
pjµ(qj ⊗A −) = idP (8)
Define 1P⊗Q =
∑
j pj ⊗B qj . Then for all p ∈ P, q ∈ Q, 1P⊗Q(p⊗ q) = p⊗ q follows
from eq. (8) and (p⊗ q)1P⊗Q = p⊗ q follows from eq. (7).
(⇒) Suppose there is an identity, 1P⊗Q =
∑
j pj ⊗B qj . Then letting
p′ :=
∑
j
pjµ(qj ⊗ p)− p
for arbitrary p ∈ P , left unitality gives p′ ⊗ q = 0 for every q ∈ Q. By Lemma 2.6,
the homomorphism Q → Hom(AP,AA) given by q 7→ ν(− ⊗B q) is onto. Since
AP is finite projective, there are dual bases xk, fk such that p
′ =
∑
k fk(p
′)xk =∑
k ν(p
′ ⊗ qk)xk = 0 for some qk ∈ Q. Thus eq. (8) follows. Eq. (7) is similarly
derived from right unitality. 
Similarly, Q⊗AP has ν-multiplication and an identity element 1 =
∑
i q
′
i⊗Ap
′
i,
the unit of adjunction of (P ,Q) in Proposition 2.4 satisfying the equations (2)
and (3).
For an example consider a separable Frobenius extension A ⊇ B with Frobenius
homomorphism E : A → B where E|B = idB with dual bases {xi}, {yi} [7, Prop.
6.1]. Then A and B are symmetric separably equivalent with context P = AAB,
Q = BAA, ν : A ⊗B A → A multiplication and E : A → B both split epis. The
units of adjunction in P ⊗BQ ∼= A⊗BA and Q⊗AP ∼= A are the dual bases tensor∑
i xi ⊗B yi (i.e., satisfying
∑
i E(axi)yi = a =
∑
i xiE(yia) for all a ∈ A) and 1,
respectively, with A⊗B A having the E-multiplication.
4. Structure for symmetric separably equivalent rings
Recall that a Frobenius bimodule is a bimodule AWB such thatW is left and right
finite projective, and Hom (WB , BB) ∼= Hom(AW,AA) as natural B-A-bimodules
[3, 13, 8]. For example, a Frobenius extension A ⊇ B has the natural bimodule
AAB, which is a Frobenius bimodule; a progenerator module MT gives rise to the
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natural (Morita context) bimodule EMT , where E = EndMT , which is a Frobenius
bimodule ([13, Theorem 1.1], [8, Theorem 2.3] and [1, p. 261]).
Given rings A and B linked by bimodule APB, recall that A is APB-separable
over B if the evaluation mapping e,
AP ⊗B Hom(AP,AA)A
e
→ AAA (9)
is a bimodule split epi [16]. For example, a ring extension A ⊇ B is by definition
separable if the natural bimodule AAB satisfies the split epi condition in Eq. (9);
or split if the natural bimodule BAA satisfies the split epi condition above [8].
Theorem 4.1. Suppose rings A and B are symmetric separably equivalent with
context
(APB,BQA, ν : P ⊗B Q→ A, µ : Q⊗A P → B,
∑
j
q′i ⊗A p
′
i,
∑
j
pj ⊗B qj),
satisfying Eqs. (2), (3), (7) and (8). Then
(1) APB is a Frobenius bimodule;
(2) A is P -separable over B;
(3) there is a ring isomorphism EndPB ∼= P ⊗B Q ;
(4) the mapping A
λ
→֒ EndPB is a split, separable Frobenius extension.
Conversely, (4) with the hypothesis that PB is a progenerator and AP finite projec-
tive implies that A and B are symmetric separably equivalent.
Proof. The bimodule APB satisfies by Lemma 2.6
BHom(PB , BB)A ∼= BQA ∼= BHom(AP,AA)A (10)
via q 7→ µ(q ⊗A −) and the mapping q 7→ ν(− ⊗B q) in the lemma. Since P is left
and right finite projective (indeed progenerator), it is a Frobenius bimodule.
The evaluation mapping e in Eq. (9) forms a commutative triangle with the
context split epi ν : P ⊗B Q→ A via the bimodule isomorphism in Eq. (10). Thus,
A is P -separable over B.
The mapping P⊗BQ→ EndPB given by p⊗Bq 7→ pµ(q⊗A−) is an isomorphism
of A-bimodules, since PB is finite projective, so EndPB ∼= P ⊗B Hom(PB, BB) as
A-A-bimodules. But Q ∼= Hom(PB , BB) via q 7→ µ(q ⊗A −) as noted before. The
inverse mapping, EndPB → P ⊗B Q is in fact given by α 7→
∑
j α(pj)⊗B qj . (For
example,
∑
j α(pj)µ(qj ⊗A −) = α by eq. (8).) This is a ring isomorphism since
(
∑
k
β(pk)⊗B qk)(
∑
j
α(pj)⊗B qj) =
∑
k,j
β(pkµ(qk ⊗A α(pj))) ⊗B qj =
∑
j
β(α(pj))⊗B qj
for α, β ∈ EndPB .
Since APB is a Frobenius bimodule, it follows from the endomorphism ring the-
orem in [8, Theorem 2.5] that λ : A →֒ EndPB is a Frobenius extension of rings.
Under an identification of EndPB and P⊗BQ in the previous paragraph, A embeds
via a 7→
∑
j apj ⊗B qj , and ν : P ⊗B Q → A is a Frobenius homomorphism, with
dual bases tensor ∑
i,j
pj ⊗B q
′
i ⊗A p
′
i ⊗B qj (11)
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by an amusing exercise. It follows from theorems in [16] that A →֒ EndPB is a split
extension, and the anti-monomorphism ρ : A →֒ EndBQ is a separable extension
(once you apply what’s proven for P to Q, see also [9, Theorem 3.1]). But there
is an anti-isomorphism of rings, EndBQ ∼= Hom(BQ,BB)⊗B Q ∼= P ⊗B Q (using
Lemma 2.6, p 7→ µ(− ⊗A p)) given by β ∈ EndBQ is mapped into
∑
j pj ⊗B
β(qj). From the identity (5), it follows that the ring extensions A →֒ EndPB and
A →֒ EndBQ are isomorphic in the usual terms of commutative diagrams. Hence
A →֒ EndPB is also a separable ring extension.
The converse (4)⇒ symmetric separable equivalence of A and B follows from [8,
Theorem 2.8], which shows that APB is a Frobenius bimodule, and by theorems in
[16, Theorem 1, Proposition 2] (corrected and simplified in [9, Theorem 3.1]), which
show that APB is also biseparable. The result follows from Theorem 5.2 (2 ⇒ 1)
below. Note that [9, Theorem 3.1(4)] is applied at one point using P ′ := BopPAop
and that Bop is P ′-separable over Aop unwinds as B is Hom (PB , BB)-separable
over A. 
Similarly (or symmetrically), BQA is a Frobenius bimodule, B is Q-separable
over A, Q ⊗A P ∼= EndQA with ν-multiplication and B →֒ EndQA is a split,
separable Frobenius extension.
The theorem is useful for showing which properties of symmetrical separably
equivalent rings are shared. Since B and EndPB are Morita equivalent, and
A →֒ EndPB has very special properties, it follows that properties like “polynomial
identity algebra” that are Morita invariants and descend along algebra monomor-
phisms, are then shared properties of this weaker equivalence. Also Morita invari-
ants like global dimension that descend along projective split, separable or Frobe-
nius extensions are symmetric separable invariants: [7, Theorem 5.1] shows that
D(A) = D(B) from the Theorem, part (4) above. See also [7, Theorems 5.2 and
6.1] and [3, Theorem 2.6].
5. Characterising symmetric separable equivalence
In this section we characterise symmetric separable equivalence. One more defi-
nition is useful for this objective.
Definition 5.1. A left and right finite projective bimodule AVB is called bisep-
arable if A is V -separable over B and B is Hom(VB , BB)-separable over A [3,
Definition 2.4]. Using a reflexivity of finite projective modules, this is equivalent to
the two evaluation mappings below being split bimodule epimorphisms,
(1) AV ⊗B Hom(AV,AA)A
e1−→ AAA ;
(2) BHom(VB , BB)⊗A VB
e2−→ BBB.
An example of the definition is the natural bimodule AAB for a split, separable,
right and left finite projective ring extension A ⊇ B [3].
Theorem 5.2. The following are equivalent conditions on two rings A and B:
(1) A and B are symmetric separably equivalent;
(2) A and B are linked by a Frobenius biseparable bimodule APB;
(3) A and B are separably equivalent with at least one context bimodule Frobe-
nius.
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Proof. (1 ⇒ 2) Theorem 4.1 informs us that a context bimodule APB is Frobenius
and A is P -separable over B. Also B is Q-separable over A. Since context bimodule
BQA ∼= BHom(PB , BB)A by Lemma 2.6, and context bimodule mapping µ and ν
are split epis, it follows that APB is biseparable.
(2 ⇒ 1) Suppose BQA is either the left or right dual of APB , unique up to
isomorphism. Then the associated functors between categories of modules formed
by tensoring and denoted as before by P and Q are Frobenius functors, adjoint
functors in either order. The counits of adjunction are split epis by Lemma 2.5,
since there are split epis P ⊗B Q→ A and Q⊗A P → B from the hypothesis that
APB is biseparable.
(3⇒ 2) Suppose ringsA andB are separably equivalent with context (APB,BQA,
ν :P⊗BQ→ A, µ :Q⊗AP → B). We show that bimodule P is biseparable. Define a
mapping h : Q→ Hom(AP,AA) by q 7→ ν(−⊗B q). Note that h is a B-A-bimodule
homomorphism. Note that the evaluation mapping e1 : P ⊗B Hom(AP,AA) → A
satisfies ν = e1 ◦ (idP ⊗B h). It follows that e1 is a split epimorphism of A-
A-bimodules, since ν is. Similarly, define a mapping g : Q → Hom(PB , BB)
by q 7→ µ(q ⊗A −), a B-A-bimodule homomorphism. The evaluation mapping
e2 : Hom(PB , BB) ⊗A P → B satisfies µ = e2 ◦ (g ⊗B idP ), whence e2 is a split
epimorphism of B-B-bimodules. 
Note that the proof of 3 ⇒ 2 establishes the following.
Proposition 5.3. Separably equivalent rings are linked by a biseparable bimodule.
When a biseparable bimodule linking two rings is also Frobenius, is the question
in [3, Problem 2.8]. The lemma below provides an affirmative answer when both
rings are symmetric algebras.
A symmetric algebra is an algebra with nondegenerate trace, or Frobenius alge-
bra with Nakayama automorphism an inner automorphism: for example, a semisim-
ple algebra, a group algebra or a unimodular Hopf algebra with square antipode that
is conjugation by a grouplike element [8]. The two notions of separable equivalence
coincide on the class of symmetric algebras [14]. Suppose k is the ground field of A
and B. Then a bimodule APB has a third B-A-bimodule dual, P
∗ := Hom(P, k).
In these terms, an algebra A is symmetric if AAA ∼= AA
∗
A.
In general, a Frobenius algebra A, with Nakayama automorphism α : A → A,
satisfies a bimodule isomorphism, AAA ∼= αA
∗
A, where an A-module AM receives
a twist αM by defining a.m = α(a)m for every a ∈ A,m ∈ M . If α is an inner
automorphism, it is an easy exercise to show that αM ∼= AM . Recall that where
α and β are automorphisms of A and B, an α-β-Frobenius bimodule is a bimodule
AWB such that W is left and right finite projective, and there is a B-A-bimodule
isomorphism BHom(WB , BB)A ∼= βHom(AW,AA)α [3, 13, 9].
Lemma 5.4. Suppose A and B are Frobenius algebras with Nakayama automor-
phisms α and β, respectively. Then any left and right finite projective bimodule APB
is an α-β-Frobenius bimodule. In particular, if A and B are symmetric algebras, P
is automatically a Frobenius bimodule.
Proof. Suppose B and A are symmetric algebras. Then the three duals of a bimod-
ule APB coincide, since
BHom(PB , BB)A ∼= BHom(PB, B
∗
B)A ∼= BP
∗
A
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and similarly BHom(AP,AA)A ∼= BP
∗
A (making use of the hom-tensor adjoint
relation [1, 20.6]). The general argument is similar with more careful bookkeeping
using the calculus of twisted modules in for example [9], and more careful use of [1,
20.6]. 
The lemma implies that a subalgebra pair of Frobenius algebras A ⊇ B with
Nakayama automorphisms (α, β), where AB is finite projective, forms an (α, β)-
Frobenius extension as defined on [9, p. 401]; e.g., a left coideal subalgebra of a
finite-dimensional Hopf algebra. The following is obvious from Lemma 5.4 and
Theorem 5.2.
Corollary 5.5. A separable equivalence between symmetric algebras A and B is a
symmetric separable equivalence.
The construction for any algebra A as a subalgebra of a symmetric algebra
structure on A×A∗ is also noteworthy in this context [10, p. 443]. It is interesting
to extend the theory in this paper from module categories and exact functors such
as P and Q to general abelian, additive or exact categories (cf. [7, 14]).
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